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LOG-SOBOLEV INEQUALITIES WITH POTENTIAL
FUNCTIONS ON PINNED PATH GROUPS
SHIGEKI AIDA
Abstract. We establish a refined version of Gross’s log-Sobolev inequalities
on pinned path groups. We explain the reason why it is useful in a lower
bound estimate of Schrödinger operators on path spaces.
1. Introduction
It is well-known that the hypercontractivity of the diffusion semi-group and the
equivalent notion of the validity of the log-Sobolev inequality are used to give a
lower bound on the bottom of spectrum of a Schrödinger operator which is given
by the sum of the generator of the semi-group and a potential function. We ap-
plied this lower bound estimate to study the semi-classical behavior of the bottom
of spectrum of Schrödinger operators on path spaces over compact Riemannian
manifolds ([3, 4]) partly motivated by an application to P (φ)-type Hamiltonian
and an extension of [19] to infinite dimensional curved spaces.
In this paper, we establish a refined version of Gross’s log-Sobolev inequalities on
a pinned path group. Pinned path group Pe,a(G) is a space of continuous paths
with values in a compact Lie group G over the time interval [0, 1] with a fixed
starting point e (unit element) and the fixed end point a. We will apply the log-
Sobolev inequalities with potential functions to study the semi-classical behavior
of the low lying spectrum of Schrödinger operators on pinned path groups in a
separate paper.
The structure of the paper is as follows. In Section 2, we consider smooth
pinned path spaces over a general compact Riemannian manifold M . We intro-
duce a Riemannian structure on the pinned path space using a metric connection




This calculation and a formal argument show that an LSI with a special potential
function may be useful for the study of semi-classical behavior of low lying spec-
trum of Schrödinger operators over a pinned path space. This kind of log-Sobolev
inequality with special potential function already appeared in [13, 10]. In Section
3, we consider a pinned path group and introduce an H-derivative on Pe,a(G) and
the Dirichlet form in L2-space with respect to the (scaled) pinned Brownian motion
measure with scaling (semi-classical) parameter λ. The H-derivative is considered
as the gradient operator on the path space which is defined by the right invariant
2000 Mathematics Subject Classification. Primary 58J65, Secondary 60H07.
Key words and phrases. Log-Sobolev inequalities, semi-classical analysis, Schrödinger opera-
tors, path space.
33
           Serials Publications 
                 www.serialspublications.com 
Communications on Stochastic Analysis
Vol. 2, No. 1 (2008) 33-51
34 SHIGEKI AIDA
connection on G. We prove a special kind of LSI which is introduced in Section
2 in the case of the pinned path group with respect to the Dirichlet form. The
generator of the Dirichlet form is the Ornstein-Uhlenbeck type operator. However
we cannot apply the argument in [3, 4] to the Ornstein-Uhlenbeck type opera-
tor on Pe,a(G) itself, since the function λ2 |b(1)|2 does not satisfy the exponential
integrability condition. We refer the reader to Section 2 and Section 3 for the
definition of b(1). For that reason, we consider a sequence of bounded domains
of {ΩL,ε}L>0 of Pe,a(G) which exhaust the path space in Section 4. ΩL,ε is the
ε-neighborhood in the uniform convergence topology of the level set of the energy
function, ΩL = {γ |
√
E(γ) ≤ L}. The similar subset appeared in the study of
[9]. We prove that λ2 |b(1)|2 satisfies good integrability properties on these sub-
sets. This integrability properties will be applied to determine the semi-classical
behavior of low lying spectrum of the Ornstein-Uhlenbeck operator with Dirichlet
boundary condition on ΩL,ε in the forthcoming paper.
2. Path Integral and Logarithmic Sobolev Inequalities
Let (M, g) be a d-dimensional complete connected Riemannian manifold. Let
Γ be a metric connection whose torsion T satisfies that
g(T (X,Y ), Z) = −g(Y, T (X,Z))
for any vector fieldsX,Y, Z. We refer the reader to [8] for the notion, “torsion skew
symmetric connection”. Let x ∈ M and consider a smooth path γ(t) (0 ≤ t ≤ 1)
on M starting at x. Along γ, the parallel translation operator τ(γ)t : Tx(M) →
Tγ(t)M is defined by the connection Γ. Let Px,y,H1(M) be the space of H1 maps
from [0, 1] to M with γ(0) = x, γ(1) = y ∈ M . Let TγPx,y,H1(M) be the tangent
space at γ which consists of mapping h from [0, 1] to TM such that h(t) ∈ Tγ(t)M ,













is finite. This Hilbert norm defines a Riemannian metric on Px,y,H1(M). The
gradient operator ∇ which is naturally defined by the metric is given explicitly for




τ(γ)−1ti ∇(i)F (γ)(t ∧ ti − tti). (2.1)
Here t ∧ ti = min(t, ti) and ∇(i)F (γ) ∈ Tγ(ti)M denotes the covariant derivative
with respect to the i-th variable. Now we consider measures on path spaces. For-
mally, we consider the Riemannian measure (Feynman measure) dγ on Px,y,H1(M)
which is defined by the Riemannian metric. On the other hand, the Brownian
bridge measure which is denoted by νλ,x,y is rigorously defined on Px,y(M) which
is a space of continuous map from [0, 1] to M such that γ(0) = x, γ(1) = y. The
formal expression of νλ,x,y is given by
dνλ,x,y(γ) = Z−1λ exp (−λE(γ)) dγ,
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where E(γ) = 12
∫ 1
0
|γ̇(t)|2dt (γ ∈ Px,y(M)) and λ is a positive number. See






where f ∈ FC∞b (Px,y(M)). The gradient operator ∇ is also defined by the for-
mula (2.1) using the stochastic parallel translation. We denote the generator
by −Lλ. Let V be a real-valued measurable function on Px,y(M) and consider a
Schrödinger operator −Lλ,V = −Lλ+λ2V on L2(Px,y(M), dνλ,x,y). Set E(λ, V ) =
inf σ(−Lλ,V ). We are interested in determining the asymptotics of E(λ, V ) when
λ→∞. Let ∆ be the Laplace-Bertlami operator on Px,y(M) which is formally de-
fined by the Riemannian metric. Then −Lλ,V on L2(Px,y(M), dνλ,x,y) is formally
unitary equivalent to









on L2(Px,y(M), dγ) by the mapping
f ∈ L2(Px,y(M), dνλ,x,y) → f · Z−1/2λ e−λE/2 ∈ L2(Px,y(M), dγ).
For γ ∈ Px,y,H1(M), let b(t) =
∫ t
0



















where R(X,Y )Z denotes the curvature tensor and for any ξi ∈ TxM ,
R(γ)t(ξ1, ξ2)ξ3 = τ(γ)
−1
t R(γ(t))(τ(γ)tξ1, τ(γ)tξ2)τ(γ)tξ3,
T (γ)u(ξ1, ξ2) = τ(γ)
−1
t T (γ(t))(τ(γ)tξ1, τ(γ)tξ2).
By the skew symmetric property of the curvature tensor and the torsion, we have







































































and C is a positive constant and W is a real-valued measurable function. Get-
zler [10] and Gross [13] proved LSIs in the above forms in the case where M is a
compact Lie group and x = y are unit element e. They point out that 14 |b(1)|2 is
main term in the inequalities. LSI on a loop space Px,x(M) over general compact
Riemannian manifolds were studied in [2, 11]. However the potential functions in
their inequalities are very different from the above. Let −Lλ,Vλ,x,y be the generator
of the form Eλ,Vλ,x,y . Then by the results in [12],
E(λ, V ) = inf σ







































|b(1)|2Tx(M) + V (γ).
We assume that U(γ) ≥ 0 for all γ and minU = 0, N = {γ | U(γ) = 0} are finite set
and the hessian of U at them are non-degenerate. These assumptions are standard
in semi-classical analysis in finite dimensions. We note that limλ→∞ I(λ) converges
under these and certain additional integrability assumptions. See [16]. This implies
that lim infλ→∞
E(λ,V )
λ > −∞. In the case where M = Rd, b(1) = y − x holds
and the asymptotics of I(λ) is a classical problem. We determined the value of
limλ→∞
E(λ,V )
λ under certain assumptions on V in the case where M = R
d in [3].
Now we consider the case where M is a compact connected Lie group G and the
metric is bi-invariant under the action ofG and x is the unit element e. Let Γ be the
right invariant connection. That is, for a smooth curve γ(t) (γ(0) = e), the parallel
translation is given by τ(γ)−1t (h(t)) = (Rγ(t)−1)∗h(t), where Rgh = hg (g, h ∈ G).
Since this is a torsion skew symmetric connection, if the inequality (2.2) holds,
then the above formal argument could be applied to this case. In the next section,
we prove an LSI as in (2.2).
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3. Refined Version of Gross’s Logarithmic Sobolev Inequalities
on Pinned Path Groups
Let G be a d-dimensional compact connected and simply connected Lie group.
Let e be the unit element of G. We denote the Lie algebra of G by g which is
identified with TeG. Actually, G is isomorphic to a Lie subgroup of n-dimensional
unitary group SU(n) and the Lie algebra is isomorphic to a Lie subalgebra of
su(n). In this case, e is the identity matrix and the Lie bracket is given by [A,B] =
AB −BA. By this result, we may assume that G is a matrix group. That is G ⊂
SU(n) ⊂M(n,C) ∼= Cn2 . M(n,C) denotes the all n× n-matrices whose elements
are complex numbers. For A,B ∈M(n,C), let (A,B) = real part of trAB∗. This
defines an inner product on M(n,C) and a bi-invariant Riemannian metric on
G. We denote by dx the Riemannian measure (Haar measure). Then by the













For A ∈ g, eA, expA denotes the matrix exponential element as well as the expo-
nential map in Riemannian geometry sense. Let i(G) be the injectivity radius of
G. That is,
i(G) = sup {r | exp : Br(0) → G gives a local chart at e} ,
where Br(0) = {v ∈ TeG | |v| < r}. Let Pe(G) be a set of continuous paths
γ(t) (0 ≤ t ≤ 1) with values in G with γ(0) = e. Let λ > 0. There exists a
probability measure which is called the Brownian motion measure νλ on Pe(G)
such that for 0 = t0 < t1 < · · · < tn ≤ 1,












λ−1(ti − ti−1), xi−1, xi
)
,
where x0 = e. Here p(t, x, y) denotes the heat kernel of et∆/2. Let Pe,a(G)
be a subset of Pe(G) such that γ(1) = a. Also we denote Pe,a,H1(G) = {γ ∈
Pe,a(G) | E(γ) := 12
∫ 1
0
|γ̇(t)|2dt < ∞}. There exists a probability measure νλ,a
which is called a Brownian bridge measure on Pe,a(G) such that for 0 = t0 < t1 <
· · · < tn < tn+1 = 1
νλ,a (γt1 ∈ A1, . . . , γtn ∈ An)
= p(λ−1, e, a)−1
∫
A1








λ−1(ti − ti−1), xi−1, xi
)
,
where x0 = e, xn+1 = a. Let
H(g) =
{
h : [0, 1] → g












Below, we use the notation X to denote Pe,a(G), Pe(G). Let FC∞b (X) be the
set of smooth cylindrical functions on X. We define the H-derivative (∇F )(γ) of
F (γ) ∈ FC∞b (X) by the unique element of H(g) (or H0(g)) satisfying that






for all h ∈ H(g) (or h ∈ H0(g)).





Below, we may denote this simply by b(t). The above integral is Stratonovich
integral when γ(t) is the Brownian motion. However b(t) could be still defined
under νλ,a by the quasi-sure analysis [17]. We collect basic results for b(t). Below
{εi}di=1 denotes an orthonormal basis on g.
Lemma 3.1. Below, we consider the stochastic processes under the law of νλ.
(1) The distribution of b(·) are the Brownian motion measure which satisfies













= −γ(t)−1db(t) + 1
2λ
γ(t)−1Cdt.
The proof of this lemma is standard and we refer the proof to [13, 8]. Also we
note that C is called the Casimir element which commutes any matrices in G.
In the lemma below, we use the notation in the Watanabe’s distribution the-
ory [18]. The reader may find the proof in [13].
Lemma 3.2. (1)






































F (γ) {−∇hG(γ) + λ(b, h)HG(γ)} dνλ,a(γ). (3.3)
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We prove the following refined version of Gross’s LSI. In the case where a = e,
the theorem is proved by Getzler [10]. The proof is almost similar to Gross [13]
and Getzler [10]. However, we give a proof of it since it may be not trivial that
an LSI holds with the potential function similar to the case where a = e and the
precise form (the dependence on λ) is important in the forthcoming applications.
Theorem 3.3. There exist constants C1, C2 > 0 such that for any sufficiently














































Remark 3.4. If e and a are sufficiently close, then there exist C1, C2 > 0 such that
for all sufficiently small t
C1t
−d/2e−d(e,a)
2/(2t) ≤ p(t, e, a) ≤ C2t−d/2e−d(e,a)
2/(2t).





(|b(1)|2 − d(e, a)2) + C2
λ
{






We use the following lemmas to prove Theorem 3.3.
Lemma 3.5. Let δ > 0 and set Uδ(x) = {y ∈ G | d(x, y) < δ}. For a sufficiently
small δ, there exists a smooth map log : Uδ(e) → g such that exp (log y) = y for
any y ∈ Uδ(e) and log e = 0.
Lemma 3.6. (1) Assume that d(x, e) is sufficiently small. Let
Ψ(ε) = log(x exp(εξ)).
Then
Ψ′(0) = ξ +
1
2
[log x, ξ] +Alog xξ, (3.5)
where Av is a linear map on g such that ‖Av‖op ≤ C|v|2.









Proof. In the calculation below, I denotes the identity matrix. We have































(I + (x− I) + εxξ +O(ε2))












Noting log x = x− I +O(|x− I|2), we get (3.5). ¤
Lemma 3.7. Let δ be a sufficiently small positive number. Let S : Pe,Uδ(a)(G) →





γ(t) (0 ≤ t ≤ 1).
Here Pe,Uδ(a)(G) = {γ ∈ Pe(G) | γ(1) ∈ Uδ(a)}. Then, the following statements
hold.
(1) Let T (γ) be the bounded linear operator from H(g) to H0(g) such that












R∗ denotes the derivative of the right translation. Then for any f ∈ FC∞b (Pe,a(G))
and h ∈ H(g), it holds that
(∇(f ◦ S)(γ), h)H = ((∇f)(Sγ), T (γ)h)H0 . (3.6)
Moreover T (γ) can be written in the following form:





+t[log(aγ(1)−1), h(t)− th(1)] +Alog(aγ(1)−1)(t)h(t). (3.7)














and Av(1) = 0 for all v.
(2) For any f ∈ FC∞b (Pe,a(G)), it holds that
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Here Bv is a bounded linear operator on H0(g) such that Bvh(t) = M∗ ([v, h(·)])
and M∗ is the adjoint operator of M on H0(g) which is given by (Mh)(t) = th(t).
Proof. (1) (3.6) is the chain rule. We prove (3.7). For x which is sufficiently close
to e, we denote Kxξ = ξ + 12 [log x, ξ] + Alog xξ, where this operator appeared in































(eεh(t) − I)γ(t) := I1(ε) + I2(ε).
Below, we denote [A,B]+ = AB + BA and A
(i)
v (t) denotes an GL(n,R)-valued
smooth function of 0 ≤ t ≤ 1 and v ∈ g and satisfies that ‖A(i)v (t)‖op ≤ C‖v‖2g for























































































































(J1(t) + J2(t)) (S(γ)(t))
−1





+t[log(aγ(1)−1), h(t)− th(1)] +A(4)log(aγ(1)−1)(t)h(t) +A
(5)
log(aγ(1)−1)(t)h(1).
Since J1(1) + J2(1) = 0 for all h, A
(i)
v (1) = 0 (i = 4, 5) holds for all v and this
implies (3.7) holds. We prove (2). Let {en} be the complete orthonormal system
on H(g) as follows: en(t) = εnt (1 ≤ n ≤ d) and en(1) = 0 for all n ≥ d+ 1. Then
it holds that for all 1 ≤ n ≤ d
| ((∇f)(Sγ), T (γ)en) |2 ≤ C‖ log(aγ(1)−1)‖2g|(∇f)(Sγ)|2H0 .
Also for n ≥ d+ 1,


























This completes the proof. ¤
Lemma 3.8. For f ∈ FC∞b (Pe,a(G)), let






















Here φ is a non-negative smooth function on g such that φ(v) = φ(−v) for all v and
φ(v) = 0 for v with ‖v‖ ≥ 1. ψ is a smooth function with compact support on R
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and takes a value 1 near 0. δ is a sufficiently small number such that log(aγ(1)−1)
is well-defined. Also we set






















(3) For sufficiently large λ > 0, it holds that ∇(f̂φ)(γ)t = I1 + I2 + I3, where























































where Q(i)v are linear maps satisfying that |Q(i)v | ≤ C|v|2g.
Proof. (1) This is easily proved by that log : Uδ(e) → g is a smooth one to one
invertible mapping and the image measure of log is equal to the Lebesgue measure
on g multiplied by a smooth positive function.









































































In the last equality we have used the invariance of the Riemannian volume (3.1).
(3) This follows from (3.2) and Lemma 3.6. ¤
We prove Theorem 3.3.






































= J1(λ) + J2(λ) + J3(λ) + J4(λ).
























By log(x−1) = − log x, φ(v) = φ(−v) and the bi-invariance of dx, we see that
the integral of the term containing (log x, b(1)) is zero. Thus, we have J2(λ) ≥

































where C is a positive constant. Again by the result in (1), there exists a positive
constant C such that
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Next we estimate the integral of |(∇f̂φ)(γ)|2. By Lemma 3.8 (3), we need to



























2φλ(x) (Blog x (∇f) (γ), (∇f) (γ)) dνλ,a(γ).
Since Blog(x−1) = −Blog(x) and φλ(x) = φλ(x−1), the second integral is 0.















































I2(x, γ) ≤ |b(1)|2 + C| log x|2
{










































(3) I3: We have |I3|2 ≤ Cλ‖f‖2L2(Pe,a(G),νλ,a).
(4) The cross term (I2, I3).
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(5) The cross terms: (I1, I2), (I1, I3):
To estimate these terms, we use the integration by parts formula (3.3) and the
fact that T (γ)η = Alog(aγ(1)−1)(t)η(t) for η(t) = tξ. Here Av is the operator in

























































which completes the proof. ¤
4. Exponential Integrability
It is crucial to check on which domains e
λ
2 |b(1)|2 is integrable to use the lower
bound estimate (2.3). To this end, we introduce the following:
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Bε(η) = {γ ∈ Pe,a(G) | d(γ, η) < ε} ,
ΩL,ε = {γ ∈ Pe,a(G) | there exists η ∈ ΩL such that γ ∈ Bε(η)} .





Lemma 4.2. (1) For any ε > 0, it holds that limL→∞ νλ,a (ΩL,ε) = 1.
(2) We denote l(γ) =
∫ 1
0
|γ̇(t)|dt. Take a finite energy path γ0 ∈ Pe,a,H1(G).
Let p > 0. There exist Ci > 0 (1 ≤ i ≤ 4) and m ∈ N such that, for ε <



















|b(1, γ0)|2 + C3 + C4ε2l(γ0)2
)}
.
The constants Ci and m are independent of p, ε, γ0.
(3) Let p > 0 and set ε < εp/2. There exist positive numbers Ci (i = 5, 6) such




















Proof. (1) Note that for 0 < α < 1/2, νλ,a(‖γ‖α < ∞) = 1 holds. Take a
positive number M . Note that if d(x, y) ≤ i(G) (x, y ∈ G), then x and y are
joined by the unique minimal geodesic. Take a positive integer N such that
MN−α < i(G). Suppose that γ satisfies that ‖γ‖α < M . Let tk = k/N . Since




is well-defined. Let γN be the
piecewise geodesic path such that γN (t) = γ(tk) for t = tk (0 ≤ k ≤ N) and







γ(tk) for tk < t < tk+1. Then for
tk ≤ t ≤ tk+1,
d(γN (t), γ(t)) ≤ d (γN (t), γN (tk)) + d (γN (tk), γ(tk)) + d (γ(tk), γ(t))
≤ 2MN−α.

















holds that {γ | ‖γ‖α < M} ⊂ ΩL,ε. This proves (1).
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(2) We consider b(1) in Bε(γ0). Note that the calculation below should be under-
stood as the calculation under νλ at first. After that it can be extended to pinned
measure case too by the quasi-sure analysis.
















































(γ(t)− γ0(t)) γ(t)−1Cdt+M(1, γ),




Noting that |A−1 −B−1| ≤ |A−1||A−B||B−1|, we have




|b(1, γ0)|2 + C2ε2 (1 + l(γ0))2 + |M(1, γ)|2
)
.












































Here µλ is the Brownian motion measure of b. ϕ is a smooth function on M(n,C)
such that ϕ(x) = xρ(x) and ρ(x) = 1 for ‖x‖ ≤ 3ε, ρ(x) = 0 for ‖x‖ ≥ 4ε. Here









This estimate follows from the integration by parts formula and an estimate on
exponential martingale. The natural number m depends on how many times we
apply the integration by parts formula on Wiener space.
(3) Since ΩL is a compact subset in Pe,a(G), there exists a finite set of smooth














For each integral on the right-hand side can be estimated as in (4.2) by replacing
γ0 by γi. Note that N depends on L and ε. This and (2) proves (4.1). The last
statement follows from (4.1) and the fact which we proved in the proof of (1). ¤





2 dνλ,a(γ) = +∞. Actually, we can prove
a stronger statement: The integral of eλ|b(1)|
2/2 in a neighborhood of countably
many geodesics diverges. Let us prove this in the case where G = SU(n). Let
v0 be an element of g such that l0(t) = etv0 is a geodesic between e and a. Then
there exists g ∈ G such that gv0g−1 = D[
√−1η1, . . . ,
√−1ηn], where D[a1, . . . , an]
denotes the diagonal matrix whose (i, i)-element is ai. Take vi = g−1D[(η1 +
2πk(i)1 )
√−1, . . . , (ηn + 2πk(i)n )
√−1]g, where (k(i)j )1≤j≤n ∈ Zn denotes the distinct




j = 0. Let li(t) = e
tvi . Then {li}∞i=1 are
distinct geodesics joining e and a. Let p > 0. Take a sufficiently small positive










Also we have Bε(li) ∩Bε(lj) = ∅ for sufficiently small ε since
Bε(li) = {et(vi−vj)γ(t) | γ ∈ Bε(lj)}
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dνλ,a(γ) ≥ νλ,a (Bε(l0)) .
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